The aim of this paper is to study the evaluation of the quantity inf 11 x -Tx \ | when T is a Lipschitzian self mapping of a closed bounded and convex subset of a Banach space. It is proved that in an arbitrary Banach space there exists a function φ(k): <1, oo) -> <0,1) such that for arbitrary T:X-+X satisfying a Lipschitz condition constant k > 1, inf 11 x-Tx\\^L φ(k)r(X) where r(X) denotes the radius of the set X. Some precise formulas for φ(k) are obtained in certain spaces along with some general evaluations of it in arbitrary spaces. In particular, the case of Hubert space is considered and some evaluations for φ{k) are obtained in that setting.
Introduction* According to the well known Brouwer's fixed point theorem, an arbitrary continuous self mapping of a bounded closed and convex subset of a finite dimensional Banach space has a fixed point. This result is not true in arbitrary infinite dimensional spaces even for nonexpansive mappings. F. E. Browder [1] , D. Gohde [3] , and W A. Kirk [4] independently proved that the fixed point property does hold for nonexpansive mapping under some additional assumptions concerning the properties of the space (e.g., uniform convexity, normal structure), and in Kirk's paper [4] there is an example showing that this result cannot be extended to the case of a mapping with Lipschitz constant k > 1. However, most of the quoted examples of fixed point free continuous self mappings of bounded closed and convex sets in Banach spaces have the property that (0) inf p-Tx\\ = 0.
In particular, all nonexpansive mappings have to have this property. We shall deal here with the problem of evaluation of the quantity \\x -Tx\\ where T lies in the class of Lipschitzian mappings with constant k. This problem will be called "minimum distance problem."
In this paper we show that for any Banach space B there exists a function φ B {k): <1, oo) -* <0,1) such that for arbitrary closed bounded and convex sets x c B and arbitrary T: X-> X satisfying a Lipschitz condition with constant k ^ 1,
where r(X) is the radius of the set X.
Some precise formulas for φ(k) are obtained in certain spaces (e.g , C, L\ c 0 ) along with some general evaluations of it in arbitrary spaces. We also consider the function φ{k) in Hubert space and determine some of its properties there. We feel that an important part of this paper is the last section in which some, in our opinion, interesting and seemingly difficult questions are raised.
Notations and definitions. Let B denote an arbitrary Banach space with the norm || || and zero element Θ. M B will denote the family of all nonempty, closed, bounded and convex subsets of B. Sets belonging to Έl B will be denoted by principal letters X, Y, Z, and elements of B by x, y, z,
. K(x, r) will denote the closed ball centered at x with radius r and S(x 9 r) will be its boundary. K{Θ 9 r) and S(θ, r) will be shortly denoted K r and S r . For arbitrary set X, let d(X) and Conv X denote the diameter of X and the convex closure of X, respectively.
For arbitrary XeWl B and xeX put
The numbers r(x, X), τ(X) will be called the radius of X with respect to x and the radius of X, respectively. C(X) will be called the center of X. It is well known [5] that in reflexive spaces C(X) is a nonempty closed and convex set, and if B is uniformly convex it consists of only one point. For an arbitrary set XeWt B we shall consider the family £f(X) of all transformations of X into itself satisfying the Lipschitz condition
for some constant k. The subfamily of Sf{X) consisting of all mappings satisfying (1) with fixed costant k will be denoted J^f{k, X). Proof. Let y e X be such that r(y, X) ^ r(X) + e. Put
k + e/ k + ε Then Γ* e £f(k/(k + ε), X) and by Banach contraction principle it has fixed point x*. Now we have from which the theorem follows.
We now introduce some functions which characterize our problem. Put
Te&(k,X)
In view of Theorem 1 φ*(k, X) N otice that if X, Ye Tt B are such that X = u + aY where ueB and a is a number then r(-X) = \a\r(Y) and each transformation Γe <> X) determine the transformation
T*y = -(Γ(w + ay) -u) which belongs to ^f(k, Y). This implies that fc, Γ)
and for this reason it will be more convenient to consider the function
Finally we define a function which characterizes the whole space. Put
The functions φ(k, X) and φ B (k) will be called the minimal distance characteristic of X and the minimal distance characteristic of the space B, respectively.
Obviously
In the situations where it will not be misleading we shall write φ{k) instead of φ B {k). Furthermore we shall always consider the function φ(k) as defined only on the interval <1, <χ>).
Three examples* Let us start by showing that in some spaces oue evaluation for φ B (k) is exact. EXAMPLE 1. Let X be the subset of C<0,1> defined by the following formula,
It is easy to see that XeTt^^ and r(X) = 1. Put
This transformation belongs to £f(k, X). For an arbitrary function x e X, there exists t e <0,1> such that x(t) = 1 -1/fc so obviously (Tx)(t) = 0 and we have and this shows that 
It follows that

<P(1 -a + ak, X) ^ aφ(k, X)
and because the set X and the transformation T could be chosen so that
then also we have
This means that φ{k) is concave with respect to the point k -1. This fact can be equivalently formulated as follows. The transformation P will be called the matrical projection on X. THEOREM 
In Hubert space, φ(k) = φ(k, iξ).
Proof. Let Xe Wl H and let z = C(X). The ball K(z, r{X)) covers
X and an arbitrary mapping Te^f k (X) can be extended to all of H by the formula T* = TP, where P is metrical projection on X, thus obtaining a transformation which belongs to £f{k, K{z, r(X))). According to the properties of P we have 
The converse inequality is obvious and this completes the proof.
In view of Theorem 2 we need only deal with properties of
If T e ^f(k, ZΊ) the for arbitrary x e K x the transformation k! k belongs to =5^(1, K λ ) and according to Browder's theorem [1] it has at least one fixed point. Let us choose one and denote it by Fx. Thus we have
from which we get
rC -JL
Moreover, the following holds. Proof. Let T e Sf{k, K t ) be such that
for all x e K lt and let F be defined as above. Now we have
Hence which completes the proof.
COROLLARY. Jti Hilbert space, φ'(ΐ) <:
This theorem shows that infinite dimensional Banach spaces differ with respect to the minimal distance problem. Probably the evaluation (7) is not exact, and in fact it is not even known whether φ(k) > 0 in H. In the next section we shall formulate an equivalent form of this latter question.
The retraction problem* We shall still deal here with the transformations of unit ball in Hilbert space. If T: K x -»K x is a fixed point free continuous mapping, then the transformation REMARK. If R ε is only continuous, then T is also continuous and 1105 -Tx\\ ^ 1 -ε. However, it can be easily proved that there is no continuous self mapping of iξ such that \\x -Tx\\ ^ 1.
THEOREM 7. // there exists a retraction R: According to (7), k satisfies Some unsolved problems* The preceding considerations give rise to several questions and problems, among them the following:
Proof. The transformation T--R belongs to
1°. Does there exist an infinite dimensional Banach space (e.g. Hubert space) for which φ{k) = 0?
2°. What is a characterization of spaces for which φ(k) - Some of these problems (notably 1°) appear to be quite difficult, while others appear more accessible. In particular, it is our opinion that the answers to 5° and 6° are affirmative.
